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1Center for Nondestructive Evaluation, Iowa State University, Ames, IA 50011 
2Department of Electrical and Computer Engineering, Iowa State University, Ames, IA 
50011 
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ABSTRACT.  Previously, concentric coplanar capacitive sensors have been developed to 
quantitatively characterize the permittivity or thickness of one layer in multi-layered dielectrics. 
Electrostatic Green's functions due to a point source at the surface of one- to three-layered test-pieces 
were first derived in the spectral domain, under the Hankel transform. Green's functions in the spatial 
domain were then obtained by using the appropriate inverse transform. Utilizing the spatial domain 
Green's functions, the sensor surface charge density was calculated using the method of moments and 
the sensor capacitance was calculated from its surface charge. In the current work, the spectral domain 
Green's functions are used to derive directly the integral equation for the sensor surface charge density 
in the spectral domain, using Parseval's theorem. Then the integral equation is discretized to form 
matrix equations using the method of moments. It is shown that the spatial domain approach is more 
computationally efficient, whereas the Green's function derivation and numerical implementation are 
easier for the spectral domain approach.  
Keywords: Capacitive Sensor, Multi-Layered Dielectrics, Spectral Domain Approach. 
PACS: 41.20.Cv, 02.70.-c, 47.11.Kb, 77.22.Ch.
INTRODUCTION
 All The efficient and reliable characterization of material properties of dielectric is 
of increasing importance in research because of the changing needs of industry. For 
example, there is greater use of composite materials in new aircraft, such as the Boeing 
787, because of the weight saving achieved. Correspondingly, many electromagnetic 
techniques, both high frequency and low frequency methods, have been developed over 
the years to meet the increasing need for the nondestructive evaluation (NDE) of dielectric 
and low-conductivity materials. For instance, dielectric resonators have been developed for 
precise measurements of complex permittivity and the thermal effects on permittivity for 
isotropic dielectric materials [1]. Interdigital dielectrometry sensors have been used for 
applications such as humidity and moisture sensing, electrical insulation properties 
sensing, monitoring of curing process, chemical sensing, and so on [2]. Cylindrical 
geometry quasistatic dielectrometry sensors have been developed for quantitative 
capacitance measurements of multi-layered dielectrics [3], while rectangular coplanar Review of Progress in Quantitative Nondestructive Evaluation, Volume 30AIP Conf. Proc. 1335, 1647-1654 (2011); doi: 10.1063/1.3592126©   2011 American Institute of Physics 978-0-7354-0888-3/$30.001647
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capacitive sensors have been applied for water intrusion detection in composite structures 
as well as damage detection in laminated composite plates [4]. 
In our previous work, concentric coplanar capacitive sensors have been developed 
to characterize quantitatively the permittivity or thickness of each layer in multi-layered 
dielectrics, using a spatial domain approach in the theoretical analysis [5]. Electrostatic 
Green's functions due to a point source at the surface of one- to three-layered test-pieces 
were first derived in the spectral domain, under the Hankel transform. Green's functions in 
the spatial domain were then obtained by using the appropriate inverse transform. Utilizing 
the spatial domain Green's functions, the sensor surface charge density was calculated 
using the method of moments (MoM) and the sensor capacitance was calculated from its 
surface charge. In the current work, a spectral domain approach is applied. Spectral 
domain approaches have been widely used in calculating the dispersion characteristics of 
microstrip lines and open and shielded microstrips over the decades [6]. In this paper, the 
spectral domain Green's function is used to derive the integral equation for the sensor 
surface charge density in the spectral domain, using Parseval's theorem. Then the integral 
equation is discretized to form matrix equations using the MoM. It is shown that the spatial 
domain approach is more computationally efficient for both one- and three-layered 
structures in free space, while the Green's function derivation and numerical 
implementation for the spectral domain approach are more straightforward. 
SPECTRAL DOMAIN GREEN'S FUNCTION FOR MULTILAYERED 
DIELECTRICS 
 The configuration of the concentric coplanar capacitive sensor is shown in Fig. 1. 
The capacitive sensor consists of two concentric electrodes: the inner disc and the outer 
annular ring. 
In order to model the in-contact characterization of layered dielectric structures, the 
Green's function due to a charged sensor over a five-layer half-space dielectric is derived. 
The Green's function is then utilized in later MoM calculations of the sensor capacitance 
C . Besides, the test-pieces in our theoretical analysis are assumed to be infinite in the 
horizontal directions and the sensor electrodes are assumed to be infinitesimally thin. 
A charged concentric sensor placed on top of a five-layer half-space dielectric is 
shown in Fig. 2. The electrostatic potential  , related to the electric field  E ,
satisfies the Laplace equation in each homogeneous medium, and can be expressed in 
cylindrical coordinates as 
2 2
2 2
1 ( , ) 0, 0,1, ,5,i z iz

  
 	 	 	

 
    	 	 	 
                     (1) 
FIGURE 1.  Concentric coplanar capacitive sensor. The radius of the central disc and the width of the outer 
ring are s and t, and the gap in between is g. For computational purposes, the sensor is divided into N circular 
filaments on the inner disc and M circular filaments on the outer annular ring.1648
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where ( , )i z  is the potential in medium i and is independent of azimuthal angle  . The 
Hankel transform ( )f   of zero-order of a function ( )f   is given by 
00
( ) ( ) ( ) ,f f J d    

                                      (2) 
with the inverse being of the same form. Apply the zero-order Hankel transform (1), 
making use of the following identity [7] 
2
2
020
1 ( ) ( ) ( ),d d f J d f
d d
     
  
   

    
  
                         (3) 
where ( )f   is assumed to be such that the terms 0 ( ) ( ) /J df d     and 
0( ) ( ) /f dJ d     vanish at both limits. The spatial domain Laplace equation (1) is then 
transformed into a one-dimensional Helmholtz equation in the transformed domain: 
   
2
2
2 ( , ) 0, 0,1, ,5,i
d z i
dz
 
 
    
 
                         (4) 
where for   the root with positive real part is taken. From (4), general solutions for the 
potentials in each layer can be expressed as 
   
1( , ) ( ) ( ) , ,
z z
i i i i iz A e B e h z h
      
                           (5) 
where 0,1, ,5i   , 1h  , 0 0h  , and 5h  . Note that 0 5( ) ( ) 0B A    due to 
the fact that the potential at infinity vanishes. The interface conditions on the electric fields 
are
   
 0 1 0 1ˆ ˆ0, ·( ) ( )sz z      E E D D                       (6) 
    1 1ˆ ˆ0, ·( ) 0i i i iz z
 
    E E D D                        (7) 
FIGURE 2.  Concentric capacitive sensor on top of a five-layer dielectric.1649
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where 1,2,3,4i   and ( )s   is the free surface charge density on the sensor surface and is 
only a function of  . Applying the Hankel transform to the interface conditions for E and
D , the corresponding boundary conditions for the potentials in the spectral domain are 
expressed:
    0 1( ,0) ( ,0),   
 
                          (8) 
    
01
1 0
( ,0)( ,0) ( ).s
dd
dz dz
    


                        (9) 
    1( , ) ( , ),i i i ih h 
    
 
                       (10) 
    
1
1
( , ) ( , ) ,i i i ii i
d h d h
dz dz
 



   

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where 1,2,3,4i  and ( )s   is the Hankel transform of the spatial domain surface charge 
density ( )s   at 0z  :
    00( ) ( ) ( ) .s s J d      

                          (12) 
Substitute (5) into (8) to (11) to express the coefficient 0 ( )A   as 
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    , 1,2,..,5i  , and 1d  through 4d  correspond to the thickness of 
layer 1 to layer 4, respectively. Substitute (13) into (5), the potential in the plane 0z   is 
expressed as
    0
0 1
( ) ( )( ,0) .
( ) ( )
s F
D
  
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Now, rather than performing the inverse Hankel transform of the Green's function in the 
spatial domain approach [5], the spectral domain Green's function is used to calculate 
directly the senor surface charge density ( )s   and eventually the sensor capacitanceC .
NUMERICAL IMPLEMENTATION 
 The method of moments (MoM) is utilized in the numerical calculations to 
calculate the sensor capacitance, C . In the following calculation examples, all the sensors 
share the configuration shown in Fig. 1, where the central disc is charged to the potential 
1 1V   V and potential of the outer ring is kept at 2 0V   V. 
As shown in Fig. 1, the inner disc (outer annular ring) of the concentric sensor are 
divided into N (M) circular filaments each with width 1"  ( 2" ) and a surface charge 
density that is constant with respect to variation in  . In order to solve for the sensor 
surface charge distribution ( )s   using MoM calculations, the following expansion for 
the inner disc is used 
    1
( ) ( ),
N
s n n
n
b   

#                                     (17) 
where n  is the unknown coefficient and ( )nb   is the pulse basis function: 
   
1 11 ( 1)( )
0 elsewheren
n n
b


 "   "$
 %
&
                               (18) 
The Hankel transform of the spatial domain surface charge density ( )s   at 0z   is 
expressed as 
    1
( ) ( ),
N
s n n
n
b   

#                                      (19) 
where
' (0 1 1 1 1 1 10
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One can expand the surface charge density on the outer annular ring similarly, and (16) is 
written as 
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where L = M + N. Multiply both sides of (21) by ( )mb    and integrate with respect to 
from 0 to  , (21) is expressed as the following integral form 
00 0
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and can be further discretised into the matrix equation below 
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where
    00 1
1 ( ) ( ) ( ) .
( )mn m n
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D
   




 
 
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       (24) 
On the other hand, from Parseval's theorem, we have 
   
0 0
( , ) ( ) ( , ) ( )m mz b d z b d       
 
              (25) 
and the right hand side of (23) is expressed as 
   
00 0
( ,0) ( ) ( ,0) ( ) .m m mv b d b d       
 
            (26) 
A closed-form expression can be obtained depending on the constant potential 0 ( ,0)
on the sensor surface.  From (23), the sensor surface charge distribution can be calculated. 
Once ( )s   is known, one can integrate over the electrode surfaces and find the total 
charge on both inner and outer electrodes. The sensor output signal, which is the 
capacitance C  between those two electrodes, can be ultimately calculated through 
     
,QC
V
                    (27) 
where Q  is the total charge on each electrode, while V  represents the potential difference 
between the inner and outer electrodes. It is worth pointing out that there is no singularity 
problem in evaluating the MoM matrix elements in the spectral domain approach. 
However, in the spatial domain approach, care must be taken to deal with the singularity 
problems in the MoM matrix when the source point and the observation point are at the 
same location. 
SPECTRAL VERSUS SPATIAL DOMAIN APPROACHES 
 The spatial domain Green's function for a source point on top of a four-layer half-
space dielectric is derived in [5]. The Green's function is in the form of zero to infinity 
series summations, and the number of summations is proportional to the number of layers 
present in the test-piece. In the MoM calculations, the matrix elements are formed by 
integrating the Green's function along radial and azimuthal directions, where closed form 
expressions are available for integration along the azimuthal direction. Experimental 
verification of the numerical model based on the spatial domain Green's function has been 1652
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presented in [5]. Very good agreement (to within 4%) between theory and experiment has 
been observed. 
 For the purpose of comparing the computational efficiency of the spatial and 
spectral domain approaches, the case of the concentric sensor on top of a one-layer 
dielectric slab in free space is considered first. The Green's functions can be obtained by 
adopting 2 3 4 5 0         in Fig. 2. In the following numerical calculations, the zero to 
infinity summation in evaluating the spatial domain Green's function is truncated to 0N
terms, where 0N  is chosen to achieve accuracy of four significant figures in the final 
calculated C , and the zero to infinity integral in (24) for the spectral domain approach is 
truncated to the region from 0 to T in a similar manner. The sensors in the following 
numerical comparisons share the same configuration: 10s  mm, 0.5g  mm, and 10t 
mm. In the numerical calculations, the sensor is divided into 10N M   circular 
filaments on the disc and the outer ring, respectively (see Fig. 1). The computer used in the 
calculations is MacBook Pro with Intel Core 2 Duo 2.26 GHz and 2 GB memory. 
 Table 1 shows the comparison results for the case of the concentric sensor on top of 
a one-layer dielectric slab with 1 100r   in free space. Different slab thicknesses 1h  are 
considered. As one can see, the spatial domain approach is more efficient in calculating 
one-layered test-pieces in free space, especially as 1h  increases. Calculations for the 
dielectric slab with 1 2r   were also performed. By comparing the calculation results 
corresponding to 1 100r   and 1 2r  , it is found that for any fixed 1h , the truncation 
range and CPU time reduce as 1r  decreases, for both approaches. However, such changes 
are more dramatic for the spatial domain approach. For example, when 1 2r   and 
1 0.1h   mm, 0 3N   and the CPU time spent is 7.5 s for the spatial domain approach, 
while for the spectral domain approach 220T   m-1 and the CPU time spent is 55.5 s. 
 In order to compare the efficiency of these two approaches in calculating C  for 
multi-layered dielectrics, the case of a concentric capacitive sensor on top of a three-layer 
dielectric test-piece in free space is considered, in which media 0, 2, 4, and 5 in Fig. 2 are 
replaced by free space while media 1 and 3 share a relative permittivity of r . The 
thickness of layer 1, 2, and 3 is 0.34 mm. Table 2 shows the comparison results between 
these two approaches, with different permittivity contrasts between neighboring layers. It 
is still found that the spatial domain approach is more computationally effective than the
TABLE 1.  Sensor on top of a one-layer dielectric slab in free space. The relative permittivity of the slab is
1 100r  .
1h
(mm
)
C
(pF)
N0 in the 
spatial
domain 
approach
Spatial 
domain 
approach
CPU time 
(s)
T in the 
spectral
domain 
approach
(m-1)
Spectral
domain 
approach
CPU
time (s) 
0.1 6.612 107 72.4 310 79.6 
0.56 25.01 49 34.0 490 155.9 
3.16 55.10 15 20.3 360 106.6 
17.8 71.36 4 8.5 480 204.7 
100 71.70 1 5.2 310 154.8 1653
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TABLE 2.  Sensor on top of a three-layer dielectric in free space, with different permittivity contrasts 
between neighboring layers. When 40r  , four significant figure accuracy in C is not achieved. 
r C
(pF)
N0 in the 
spatial
domain 
approach
Spatial 
domain 
approach
CPU
time (s) 
T in the 
spectral
domain 
approach
(m-1)
Spectral
domain 
approach
CPU
time (s) 
2 1.688 2 9.0 220 72.5 
10 3.370 12 40.4 320 99.9 
20 5.288 20 72.7 360 116.8 
30 7.140 24 91.4 380 127.6 
spectral domain approach, in dealing with multi-layered structures. 
CONCLUSION 
 The computational efficiency of a spectral domain approach is compared with that 
of a spatial domain approach for the numerical calculation of capacitance of a coplanar 
concentric sensor in contact with layered test-pieces. The spatial domain approach is found 
more efficient in dealing with both one- and three-layered dielectric structures, due to the 
fact that integration of the Green's function along the azimuthal direction has a closed form 
expression. Such efficiency is at the cost of performing analytical inverse Hankel 
transformation in the Green's function derivation and at the cost of dealing with 
singularities in evaluating MoM matrix elements. The spectral domain approach, however, 
is less complex in both the theoretical derivation and the numerical implementation. 
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